The general description of superintegrable systems with one polynomial integral of order N in the momenta is presented for a Hamiltonian system in two-dimensional Euclidean plane. We consider Hamiltonian systems allowing separation of variables in polar coordinates. The classical and the quantum cases are treated. A new infinite family of superintegrable potentials in terms of the sixth Painlevé transcendent P 6 is presented.
I. INTRODUCTION
Several recent articles were devoted to superintegrable systems in the Euclidean space E 2 that allow the separation of variables in polar 10, 11, 26, [29] [30] [31] or Cartesian 2,13,14,23 coordinates and allow an additional integral Y of order N with 2 ≤ N ≤ 5.
In this article we concentrate on systems that are separable in polar coordinates and allow an additional integral of arbitrary order N. The systems are second-order integrable because in addition to the Hamiltonian
they allow a second-order integral
z + 2 S(θ) , x = r cos θ , y = r sin θ .
The existence of the integral Y , an N th -order polynomial in the components, makes the system superintegrable (more integrals of motion than degrees of freedom). In classical mechanics H, X and Y are well-defined functions on phase space and are functionally independent. In quantum mechanics they are assumed to be polynomials, or convergent series in the enveloping algebra of the Heisenberg algebra in E 2 , i.e.; {x, y, p x , p y , 1}. The operators H, X, Y are assumed to be polynomially independent, i.e.; no Jordan polynomial in (H, X, Y ) is equal to zero. We will use the usual vector fields spanning e 2 (p x = −i ∂ x , p y = −i ∂ y , L z = x p y − y p x ) in quantum mechanics. In classical mechanics p x and p y are the components of linear momentum canonically conjugate to the coordinates x and y, respectively.
For recent reviews of classical and quantum superintegrable systems see 20, 24 .
The aim of this article is to establish some general properties of superintegrable systems separating in polar coordinates and allowing a higher-order integral. The properties were observed for specific choices of N. The results presented here will be generalizations to all N and presented ideally as theorems, otherwise as conjectures.
Among the results observed for 3 ≤ N ≤ 5 we mention 1. Superintegrable Hamiltonians in classical and quantum mechanics can differ 17, 18 .
Terms depending on can appear in the quantum case. The classical limit → 0 can be singular and must be taken in the determining equations, not in the solutions. This is true for any Hamiltonian in E 2 with an integral of order N, independently of the separation of variables.
2. Two types of potentials occur which we call standard and exotic. Standard ones are solutions of a linear compatibility condition for the determining equations. For exotic potentials the linear compatibility condition is satisfied trivially so the potentials satisfy nonlinear equations. In quantum mechanics the nonlinear equations pass the Painlevé test 1, 6 , in the classical case they do not. 
where the F j,2ℓ = F j,2ℓ (x, y) depends on the potential V figuring in the Hamiltonian. In ( 
Here A N −m−n,m,n are
constants. This leading term Y (N ) (4) is fundamental since it defines the existence of an N th -order integral. Hereafter we will focus on it.
Let us introduce the following notation in the p-plane (p x , p y )
where the basis functions generating the irreducible representations of SO(2) are given by
The N th -order terms Y (N ) (4) can be more conveniently written as
where
constants. Each of these constants B For fixed N, k and s, each pair B
(1)
N −s−2k,s,k sin s Φ for (s = 0) forms a doublet under O(2) rotations. For s = 0, the pair reduces to a singlet.
The integral Y (3) is given in Cartesian coordinates for brevity and no separation of variables is assumed so far. To obtain the corresponding expression in polar coordinates we
Similarly, in the quantum case 25, 27 we can write the Hermitian
here 
B. Determining equations
In the quantum case, since Y is an N th -order operator the commutator [H, Y ] is an operator of order (N + 1), i.e.; we have
We require Z k,l = 0 for all k and l and obtain the determining equations. The terms of order k + l = N + 1 and k + l = N vanish automatically. This was already shown 27 for arbitrary N.
Moreover, only the terms with k + l having the opposite parity than N provide independent determining equations (Z k,l = 0). Those with the same parity provide equations that are differential consequences of the first ones 27 . For the classical case, the determining equations are obtained from the quantum case by taking the limit → 0 .
C. Linear Compatibility Condition
It has been shown 
This LCC (9) is a necessary (but not sufficient) condition for the existence of the integral Y . The functions f j,0 do not depend on the potential
and they are completely determined by the coefficients A N −m−n,m,n of Y (N ) (4). The LCC does not contain and thus it is the same for both classical and quantum systems. The LCC will play a fundamental role in the description of the superintegrable systems.
D. Standard and Exotic potentials
In this section we impose superintegrablity, namely the condition [H, Y ] = 0. This will determine the functions R(r) and S(θ). The most general equation for the angular part S(θ) corresponds to the case R(r) = 0.
In the classical case, let us split the N th -order terms
In general, the Hamiltonian H is not invariant under dilations (x, y) → (σ x, σ y). However, for R(r) = 0 it does scale as H →
The LCC (9) • II) Y (N ) I = 0: this situation corresponds to the Exotic potentials. All coefficients in (9) satisfy f a,0 = 0 and the function S(θ) is not constrained by this linear equation.
For R(r) = 0, the reflection operator of the radial variable (r → −r, or equivalently θ → θ+π) commutes with the Hamiltonian H as well. Therefore, we can use both symmetries namely the parity transformation and the scaling to classify the N th -order terms Y (N ) (5) of the integral Y . Each class will be associated with different types of potentials.
The quantum analogs of (12) and (13) read
E. Trivial integrals N th -order integrals exit both in the classical and quantum systems and they are related to O(2) singlets. In the classical case, they occur for s = 0 in (11) and are given by 
will lead to an already known (i.e.; lower order) superintegrable system.
Notice that for k = 0, such an integral Y 0 is a trivial one since H and X are conserved independently of the potential V (1). In the case k = 0, Y 0 is an integral for specific potentials only. The extension of (16) to the quantum case is straightforward. We mention that such "reducible" integrals for k > 0 may be useful for calculating trajectories, or solving spectral problems.
III. RADIAL COMPONENT R(r)
In this section we prove that in the classical case, in order for the system to be superintegrable, the radial function R(r) of the potential (1) must be of the form
where a, b are constants. To this end, let us define the function Ω(θ) =
dω, X 0 > 0 is a constant. The time evolution of Ω(θ) is given by the Poisson bracket {Ω, H} P B with the Hamiltonian (1). By direct calculation we get
Similarly we have
Substituting the values of the integrals H = E and X = X 0 into (18)- (19) we obtain
Introducing u = 1 r in (20) and squaring both sides leads to the equation
where m = X 0 . From equation (21) and the Bertrand's theorem 4, 15 in which the same one dimensional equation appears, the result (17) follows immediately.
For the quantum case, we assume that the radial component of the potential is given by (17) . So far, we verified that they are the only possibilities for the cases N = 2, 3, 4, 5.
The statement that (17) yields the only possible functions R(r) for superintegrable systems is an extension of Bertrand's theorem to potentials that are not spherically symmetric.
IV. ANGULAR COMPONENT S(θ)
A. Classical Systems
Standard potentials. For Y (N ) I = 0, the potential (1) must satisfy the LCC (9). For R(r) restricted to one of the cases (17), (9) reduces to one ODE for S(θ).
• For even N, the standard potentials, i.e.; the non-trivial solutions of the LCC (9), are the TTW potential 30 and the PW potential
where k = m/n and m and n are two integers (with no common divisors). In the TTW case, N = 2 (m + n − 1). The case R(r) = 0 is reobtained for a = 0 or b = 0.
• For odd N, the radial part vanishes R(r) = 0. 
r 2 where
The results for N = 3, 4, 5, lead us to the following conjecture:
= 0, superintegrable classical systems appear such that
• For even N > 2, the potentials are given by the deformed Kepler potential or the deformed harmonic oscillator
where the angular components T (θ) andT (θ) obey a non-linear ODE that does not pass the Painlevé test. The functionsT and T depend on the integer N. For odd N the radial part vanishes.
• In particular, there exists an infinite family of superintegrable potentials }. In this case the function T (θ) obeys the following non-linear first order ODE
and c • For even N, the standard potentials, i.e.; the solutions of the LCC (9), in addition to R(r) = 0 allow two confining potentials. These are the deformed Kepler potential and the deformed harmonic oscillator
In the first case we have
where the α's and the β's are constants which in general depend on the Planck's constant 2 and the B (ℓ) N −s−2k, s, k (ℓ = 1, 2) in such a way that new pure quantum potentials 17 proportional to 2 occur with no classical counterpart. Such constants are fixed by requiring the potential to satisfy the determining equations (see (8)).
In the second case we havẽ
N −s−2k, s, k cos s θ − B
• For odd N ≥ 3 the radial component is zero R(r) = 0. In this case the angular component is given by
T ( 
}.
The function T (θ) is given by
with γ 1 , γ 2 , γ 3 and γ 4 the parameters that define the sixth Painlevé transcendent P 6 which satisfies the well known second-order differential equation:
. For N even, all four γ 1 , γ 2 , γ 3 and γ 4 are arbitrary. For N odd, b = 0 and the γ's are related as (γ 2 + γ 3 )(γ 1 + γ 4 − √ 2γ 1 ) = 0 .
V. CONCLUSIONS
We considered superintegrable systems in a two-dimensional Euclidean plane. Classi- given by (15) .
We conjecture that for the exotic potentials the angular part S(θ) satisfies a non-linear ODE which passes the Painlevé test. Correspondingly, an infinite family of superintegrable systems may exist.
Work is currently in progress on a continuation of this article. We will present an extended paper with more explicit examples of the classification just mentioned above. For the cases N = 3, 4, 5 we plan to present the polynomial algebra generated by the integrals of motion and to use it to calculate the energy spectrum and the wave functions in the quantum case.
A similar classification for potentials separating in Cartesian coordinates will be presented elsewhere.
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